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Abstract 

The Drinfeld twist for the opposite quasi-Hopf algebra, H cop is determined and is shown 
to be related to the (second) Drinfeld twist on a quasi-Hopf algebra. The twisted form of 
the Drinfeld twist is investigated. In the quasi-triangular case it is shown that the Drinfeld u 
operator arises from the equivalence of H cop to the quasi-Hopf algebra induced by twisting H 
with the i?-matrix. The Altschuler-Coste u operator arises in a similar way and is shown to 
be closely related to the Drinfeld u operator. The quasi-cocycle condition is introduced, and 
is shown to play a central role in the uniqueness of twisted structures on quasi-Hopf algebras. 
A generalisation of the dynamical quantum Yang-Baxter equation, called the quasi-dynamical 
quantum Yang-Baxter equation is introduced. 



1 Introduction 



Quasi-Hopf algebras (QHA) were introduced by Drinfeld [H] as generalisations of Hopf algebras. 
QHA are the underlying algebraic structures of elliptic quantum groups [HI El HOI 1111 1141 |20j and 
hence have an important role in obtaining solutions to the dynamical Yang-Baxter equation. They 
arise in conformal field theory algebraic number theory [7J and in the theory of knots [Tl ll5l[TC| . 

The antipode S of a Hopf algebra H is uniquely determined as the inverse of the identity map 
on H under the convolution product. For a quasi-Hopf algebra, the triple (S, a, [3) consisting of the 
antipode S and canonical elements a, [3 G H is termed the quasi- antipode. The quasi-antipode of a 
QHA is not unique 0E1E]- However, given two QHA which differ only in their quasi-antipodes, 
there exists a unique invertible element v G H relating them. Moreover, to each invertible element 
v G H there corresponds a quasi-antipode, so that the invertible elements v G H are in bijection 
with the quasi-antipodes. This allows us to work with a fixed choice for the quasi-antipode (more 
precisely, a fixed equivalence class for the quasi-antipode). We show that the operator v G H is 
universal i.e. invariant under an arbitrary twist F G H ® H . In the quasi-triangular case, the 
equivalence of the quasi-antipode of the opposite QHA H cop and the quasi-antipode induced by 
twisting H with the i?-matrix, gives rise to a specific form of the v operator, which we call the 
Drinfeld - Reshetikhin jSJ^j u operator. The u-operator introduced by Altschuler and Coste p^, 
arises in a similar way and is shown to be simply related to the Drinfeld - Reshetikhin u operator. 
In view of the invariance of the v operators these u operators are also invariant under twisting. 

For a Hopf algebra H the antipode S is both an algebra and a co-algebra anti-homomorphism. 
In the QHA case Drinfeld has shown that the antipode S is a co-algebra anti-homomorphism only 
upto conjugation by a twist, Fg (the Drinfeld twist). Assuming the antipode S is invertible with 
inverse S , we show that S* -1 is a co-algebra anti-homomorphism upto conjugation by an invertible 
element Fo, which we call the second Drinfeld twist on H. The form of the Drinfeld twist for the 
opposite QHA H cop is determined and shown to be simply related to this second Drinfeld twist. 
The behaviour of the Drinfeld twist F$ under an arbitrary twist G G H <£> H is also investigated. 

The set of twists on a QHA H form a group. We study a sub-group of the group of twists on a 
QHA, namely those that leave the co-product A : H — > H (8 H and co-associator $ G H ® H <g> H 
unchanged. These twists are called compatible twists. Twists that leave the coassociator $ unchanged 
are said to satisfy the quasi-cocycle condition. The quasi-cocycle condition is intimately related to 
the uniqueness of the structure obtained by twisting the quasi-bialgebra part of a QHA. In the 
quasi-triangular case we show that H T 1Z and its powers are compatible twists. 

Following on from our considerations of the quasi-cocycle condition we introduce the shifted quasi- 
cocycle condition on a twist F(X) G H ® H, where A G H depends on one (or more) parameters. 
We conclude with the quasi-dynamical quantum Yang-Baxter equation (QQYBE), which is the 
quasi-Hopf analogue of the usual dynamical QYBE. 

2 Preliminaries 

We begin by recalling the definition [H] of a quasi-bialgebra. 

Definition 1. A quasi-bialgebra (H, A, e, $) is a unital associative algebra H over a field F , equipped 
with algebra homomorphisms e : H — > F (co-unit), A : H — > H <g> H (co-product) and an invertible 
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element £z H ® H ® H (co-associator) satisfying 

(1 <g) A)A(a) = $ _1 (A ® l)A(a)<&, VaeH, (2.1) 

(A ® 1 (g> 1)$ • (1 ® 1 ® A)$ = ($ ® 1) • (1 ® A ® 1)$ • (1 ® $), (2.2) 

(e ® 1)A = 1 = (1 ® e)A, (2.3) 

(l®e® !)$ = !. (2.4) 



It follows from equations 1)2.2)1 . 1)2.3)1 and l|2.4(l that the co-associator 4> has the additional prop- 
erties 

(e ® 1 ® 1)$ = 1 = (1 ® 1 ® e)$. 

We now fix the notation to be used throughout the paper. For the co-associator we follow the 
notation of ^| E| an d write 

We adopt Sweedler's ^Hj notation for the co-product 

A(a) = ® 1(2)) Va £ i? 

(a) 

throughout. Since the co-product is quasi-coassociative we use the following extension of Sweedler's 
notation 

(l®A)A(a) = <Z(i) ® A(o( 2 )) = a ( i) <8>a^ ® a^j 

(A®l)A(a) = A(a (1 )) ®a (2 ) =a[^ ®a^j ®a (2 ). (2.5) 

In general, the summation sign is omitted from expressions, with the convention that repeated 
indices are to be summed over. 

Definition 2. A quasi-Hopf algebra (H, A, e, $, S, a, /3) is a quasi-bialgebra {H, A, e, $) equipped 
with an algebra anti-homomorphism S (antipode) and canonical elements a, (3 £ H such that 

S{X u )aY v pS{Z v ) = 1 = X v 0S(Y v )aZ v , (2.6) 
S(a(i))aa( 2 ) = e(a)a, a(i)/3S(o( 2 )) = e(a)/3, VaeH. (2.7) 

Throughout we assume bijectivity of the antipode 5 so that S^ 1 exists. The antipode equa- 
tions ESJ), E3) imply e(a) • e(/3) = 1 and e(5(o)) = e(S- l (a)) = e(o),Va € H. A triple (5,a,/9) 
satisfying equations l|2.6(l . 1)2.7)1 is called a quasi- antipode. 

We shall need the following relations: 

X„a (g) Y v pS{Z v ) = a$X v ® a^jy i ,/3S'(^)S*(a (2) ), Va 6 (2.8) 
12.21 

$ igi l L ^ J (A ® 1 ® 1)$ ■ (1 ® 1 ® A)$ • (1 ® • (1 ® A ® 1)$ _1 

= x^x^x,, ® xWYnXrYW ® y^Wy,? ^ ® z„4 2 >z CT z p (2.9) 

1®$=(1®A® l)^" 1 • igi 1) • (A O 1 ® 1)$ ■ (1 ® 1 (8 A)$ 

= X v X^x a ® yWy„^ s )y ff ® yP'z^W ® z„z P 4 2 > (2.10) 

where we have adopted the notation of equation 1)2.5)1 in 12.8(1 and the obvious notation in 1)2.9)1 . 
1)2.10)1 so that, for example 

&{X y ) = Xl 1] ® X { J\ etc. 
Equation 1)2. 8J1 follows from applying (1 ® m)(l ® 1 ® /3S 1 ) to equation 1)2. 1|) . then using 1)2. 7|l . 
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3 Uniqueness of the quasi-antipode. 

For Hopf algebras the antipode S is uniquely determined as the inverse of the identity map on H 
under the convolution product. The quasi-antipode (S, a, (3) for a QHA, is not unique. Nevertheless 
it is almost unique as the following result due to Drinfeld [2j (whose proof is similar to the one given 
below) shows: 

Theorem 1. Suppose H is also a QHA, but with quasi-antipode (S, a, (3) satisfying y2.b)) , \£7fy . 
Then there exists a unique invertible v G H such that 

va = a ,f3v = f3 , S(a) = vS(a)v~ 1 , Va G H. (3-11) 

Explicitly 

(*) v = S{X v )aY v pS{Z v ) = S{S- l {X„))S{S- l {P))S{Y v )aZ u 
(ii) v- 1 = S(X u )aY u ~pS(Z v ) = X v pS(Y v )S{S-\a))S(S-\Z v )) 



Proof. We proceed stepwise. 

Applying m ■ (S <8> 1)(1 <8> a) to equation (j2.8|l gives 



so that, 



SiXvaj&YvPSiZv) = S(ogjX„)oojijy^S , (Z I ,)5(o(2)) 



S{a)v = S(X v )S{a { ^ ) )aa { ^ ) Y y (3S{Z v )S(a ( 2 ) ) ^ vS(a), Va G H (3.13) 

where m : H ® H — > H is the multiplication map m(a ® b) = ab, Va, b G H. 
Next observe, from equation (|2.9|) that, in view of (|2.7(1 . 

Applying m ■ (1 ® a) from the left gives 

va =S(X^)t\Y^X a pS(Z [ ^%)uZ^Z a 

=ttX a {3S{Y a )aZ a = a. (3.14) 

From this it follows that 

S(S~\X U )) ■ SiS- 1 ^)) ■ S{Y v )aZ v 
SiS-^X^-SiS-'mSiY^-vaZ, 



™ v . SiS-^Xv)) ■ S{S-HP)) ■ S{Y v )aZ v 
v ■ X u (3S(Y u )aZ u ^v 
which proves l|H.12)l (i). To see v is invertible observe that 

v ■ S{X v )aY v pS{Z v ) ^iP S{X v )vaY v pS{Z v ) 

S{X u )&YjS(Z v ) 
l2~T)l 1 



(3.12) 
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so 

v- 1 = S{X v )aY v pS{Z v ) 

as stated. 

Now using equation (|2.1U|) we have 

1 <8 i-" 1 = X v X„X i pX a ® S(Yy%X^Y a )aY^Z^Y p Z^(3S(Z,Z p Z^) 

*P a m a« ® 5(y M x( 2 ))a^y p/ 3^(z p ). 

Applying m • (1 <S> (3) gives 

Pv- 1 =X^X^pS(Y^X^)aZ^Y p pS(Z p ) 

^X^(3S(Y^)aZ p ■ IP (3.15) 
which completes the proof of l|3.11[l . As to (|3.12|) ('ii') observe that 

X v pSfc)S(S-\a))S(S- 1 (Z u )) 

A,/35(i;)5(5- 1 (a))5(5- 1 (^))«- 1 
X v 0S{Y v )aZ v ■ v- 1 ^ w^ 1 
as required. It finally remains to prove uniqueness. Hence suppose u G H satisfies 

uS(a) = S(a)u, Va G H, ua = a, f3u = (3. 

Then 

uv" 1 = u ■ S{X v )aY v pS{Z v ) 
= S(X v )uaY v 0S(Z v ) 

= S(X v )aYjS(Z v ) IP 1 

which implies u — v as required. □ 

In the special case S = S we obtain the following useful result. 

Corollary. Suppose H is also a QHA with quasi- antipode (S, a,/3). Then there is a unique invertible 
central element v G H, given explicitly by equation \3.1ty) (i) (with S = S), such that 

va = a , (3v — (3. 

It thus follows that the triple (S, a, (3) satisfying (|2.6I) . 1|2.7[) for a QHA is not unique. Indeed 
following Theorem^ for arbitrary invertible v G H, the triple (S,a,f3) defined by 

S(a) = vS(a)v , Va G H ;a = va ,/3 = /3v -1 

is easily seen to satisfy H2.fi|l . <|2.7I) and thus gives rise to a quasi-antipode (S,a,/3). Theorem ^ 
then shows that all such quasi-antipodes (5, a, f3i) are obtainable this way: thus there is a 1-1 
correspondence between the latter and invertible v G H . We say that these structures are equivalent 
since they clearly give rise to equivalent QHA structures. Throughout we work with a fixed choice 
for the quasi-antipode (S, a, (3). 

We conclude this section with the following useful result, proved in |13j . concerning the opposite 
QHA structure on H: 
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Proposition 1. H is also a QHA, with co-unit e, under the opposite co-product and co-associator 
A T , <j> T = $321 respectively, with quasi- antipode {S~ x ,a T — S^ 1 (a), (3 T — S^ 1 (f3)). 

The QHA H c °p = (H, A T , e, $ T , S~\ a T , (3 T ) is called the opposite QHA structure. We remark 
that above we have adopted the notation of and pi] so that A T = T ■ A, T the usual twist 
map, and 

$321 = Z V ®%®X V . 
This latter notation extends in a natural way and will be employed throughout. 

4 Twisting 

Let H be a quasi-bialgebra. Then F € H ® H is called a twist if it is invertible and satisfies the 
co-unit property 

(e®l)F= (1® e)F= 1. 

We recall that if is also a QBA with the same co-unit e but with co-product and co-associator given 

by 

A F (a) = FA(a)F-\ \/a E H 

$f = (F <g> 1) • (A <g> 1)F ■ $ • (1 <8 A)^ 1 • (1 <g> F" 1 ), (4.16) 

called the twisted structure induced by F. If moreover if is a QHA with quasi-antipode (S, a, (3) 
then if is also a QHA under the above twisted structure with the same antipode S but with canonical 
elements 

a F = m- (1 (8) a) (5® 1)F _1 /3 F = m • (1 <g> /3)(1 <g> 5)^ (4.17) 

respectively. A detailed proof of these well known results is given in (20j • We now investigate the 
behaviour of the operator v of Theorem ^ under the twisted structure induced by F. 

4.1 Universality of v 

Recall that the operator v is given by 

v = S{X v )aY v (3S{Z u ) 

Let F £ H (g) H be an arbitrary twist. We use the following notation for the twist F and its inverse 

F-\ 

F = fi®f, f" 1 
The twisted form of the co-associator is given by Ij4.16|l 

$ F = Xl ® Yf ® Z F V = l % lf ] X v ] k ® fffYvTfafx ® fZjfof. (4.18) 

For the twisted forms of the canonical elements we have from Ij4.17|l 

a F = m ■ (1 ® S)(S ® l)^ -1 = S(f p )af p 

= m ■ (1 ® /3)(1 ® S)F = f 9 pS{f). (4.19) 

We note that 

S(fj)& F f* ™ Sifpf^apf = m ■ (1 ® a)(S ® 1)(F- X F) = 5 (4.20) 
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and similarly, 

fj0 F S(f)=p. (4.21) 

The twisted form of v is given by 

v F = S(XF)a F Y u F (3 F S(ZF) 

^ Sifif^X^apfffYjy^pSifZjy 1 ) 

= ~s(ff ) xJ k )~s{f t )a F rff ) YJl ) f l p F s{f l )s{pzJ 1 i 2) ) 

™ S(f^Xj k )afPYjyS(fZj^) 
= S(Xj k )S(f^)af^YjyS(f^)S(pz,) 
= S(Xj k )aYjyS(f^)S(Z v ) 
= S(X v )aY„(3S(Z v ) = v, 

where, in the last two lines we have used the antipode properties of a, (5 (|2.7(l and the co-unit 
property of twists. We have thus proved 

Theorem 2. The operator v is universal (i.e. invariant under twisting). 



5 The Drinfeld twists 

We turn our attention to the Drinfeld twist for the opposite structure of proposition^ It is tempting 
to assume that Fj qualifies as a Drinfeld twist for the opposite structure. However this is not true 
since the antipode for the latter is S^ 1 rather than S. We shall show that the Drinfeld twist for the 
opposite structure is in fact related to the second Drinfeld twist which we define below. We begin 
with a review of the Drinfeld twist. 



5.1 The Drinfeld twist 

Observe that A' defined by 

A' (a) = (S<Z>S)A T (S- 1 (a)), Va e H (5.22) 

also determines a co-product on H . Associated with this co-product we have a new QHA structure 
on H, which was proved in and which we restate here: 

Proposition 2. H is also a QHA with the same co-unit e and antipode S but with co-product A', 
co-associator $' = (5 (8> S ® S)^>32i, md canonical elements a' = S((3), (3' = S(a) respectively. 

Drinfeld has proved the remarkable result that this QHA structure is obtained by twisting with 
the Drinfeld twist, herein denoted F$, given explicitly by 

(i) F s = {S®S)A T (X l/ )- 1 -A(Y„f3S(Z„)) 
= A'(X u pS(Y v )) ■ 7 • A(Z„) 
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where 

(it) 7 = S(Bi)aCi 8) S(Ai)aDi 

with 

r <g> i) • (a ® i <g> i)$ 

(iii) Ai <g> Bi <g> Ci ® A = \ or 

[ (1®$) • (1 <g> 1 (g) A)*- 1 . 

(5.23) 

The inverse of F$ is given explicitly by 

(i) Fy" -1 = A(X„) • 7 • A'(S(F„)aZ„) 

- A(S(X J/ ) a y i/ ) • 7 • (5 ® S)A T (Z„) 

where 

(ii) 7 = AiPSipi) ® BipS(Ci) 

with 

r (a® i® i)$- x • ($® i) 

(iii) A* <g> Sj <g> C< (8) A = s or 

[ (1 ® 1 <g> A)$ • (1 (g> . 

(5.24) 

The detailed proof that the QHA structure of proposition's obtained by twisting with Fg, as given 
in l|5.23(l . and in particular 

A'(a)=F s A(a)Ff 1 , Va e H (5.25) 

is proved in |13| . We simply state here some properties of 7,7 proved in |13| and which are crucial 
to the demonstration of Drinfeld's result: 

Proposition 3. 

(i) (5®5)A T ( a(1) )-7-A(a (2) ) = e(a) 7 , Va € # 

(n) A(a (1) )-7-(5®5)A T (a (2) ) = e(a)7, Va e if 

(fit) F 5 A(a)= 7 , A^F,- 1 = 7. (5.26) 

5.2 The second Drinfeld twist 

Replacing 5 with S' 1 we obtain yet another co- product Ao on H: 

A (a) = (S- 1 ® 5~ 1 )A T (5(a)), Va € H. (£22) 

We have the following analogue of proposition^! the proof of which parallels that of JHj proposition 
4, but with S and 5 1-1 interchanged: 

Proposition |2] ' if is a/so a QHA with the same co-unit e and antipode S but with co-product 
Ao, co-associator $0 = (5* -1 <8> S 1-1 ® 5 _1 )$32i and canonical elements ao = S' _1 (/3), /3o = 5> (a) 
respectively. 

By symmetry we would expect this structure to be obtainable twisting. Indeed we have 
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Theorem 3. ; The QHA structure of proposition^' is obtained by twisting with 

F Q = (S-^S-^Ff (5.27) 

herein referred to as the second Drinfeld twist, where F5 is the Drinfeld twist and Fj = T ■ F$. 

Proof. It is clear that Fo is invertible with inverse F^ 1 = (S^ 1 ® S^ 1 )(Fj') 1 and qualifies as a 
twist. For the co-product we observe, 

(S- 1 ® S- 1 ) ■ T ■ [Fg 1 ■ (S ® S)A T (a) ■ F s ] 
= (S-^S-^-T-lF^A'iSia^Fs] 

(S- 1 ® S' 1 ) ■ T • A(S(a)) = (S- 1 ® S- 1 )A T {S{a)) 

= A (a), Va G ii. 

The co-associator is slightly more complicated, though also simple. We have from Drinfeld's result 

$' = (5 ® 5 ® S*)$ 3 2i = (F 4 ® 1) • (A ® 1)F S • $ • (1 ® A)^ 1 • (1 ® F a -1 ) 
which implies 

(S 1 ® 5 ® 5*)$ = [(F s ® 1) • (A ® • $ • (1 ® A)F 5 -1 • (1 <g> F, -1 )]^ 

= (1 ® Fj) ■ (1 ® A T )if • $321 • (A T ® l)(if r 1 • (FJ" 1 ® 1). 
Applying ® 5" 1 ® S^ 1 ) gives 

$ = (Fq- 1 ® 1) • (A ® 1)F - X • $ • (1 <8> Ao)F • (1 (8 F ) 
= (A (g) l)^ 1 • (F^ 1 ® 1) • $ • (1 ® F ) • (1 A)F 

with Fo as in the Theorem. Thus 

$ = (F ® 1) • (A ® 1)F • $ • (1 ® A)^ 1 • (1 ® F^ 1 ) 

which shows that indeed <&o is obtained from $ by twisting with Fo. The proof for the canonical 
elements is straightforward. □ 

5.3 The Drinfeld twists for the opposite structure 

Recall that under the opposite structure of proposition^^ is a QHA with antipode S~ 1 , co-product 
A T and co-associator $ T = <f>^ 21 . It follows that if F® is the Drinfeld twist for this opposite structure 
then, Va G H 

F^aXF")- 1 = (A r )'(a) 

= (S- 1 ® S- l )&(S(a)) = Ajfta) 

since is the antipode for this structure. On the other hand if Fo is the Drinfeld twist of 
equation H5.27[l we have also 

FjA^aXFjy^A^a) 



with Ao as in equation H5.22I 1. Here we show in fact that F® = Fq . 

Before proceeding we note that the Drinfcld twist is given by the canonical expression of equa- 
tion l|5.2H|l fi) with 7 as in H5.23|) fii) constructed from the operator of Q5.23[) (iii): viz 



A l ® Bi ® d ® A 



® 1) ■ (A ® 1 ® 1)$ 

or 

(1 ® $) • (1 ® 1 ® A)*" 1 . 



This gives rise to two equivalent expansions for 7. Using the first expression we have, in obvious 
notation, 

Ai ® Bi ® Q ® A = ® 1) • (A <g> 1 ® 1)$ 

= ® Y v x^ ® ® z p 

which gives, upon substitution into (|5.23|) fii). 

7 = S^Wja^ ® S(X v X^)aZ^ 
which is the expression obtained in 13. On the other hand using the second expression gives 
Ai ® Bi ® d ® A = (1 8) $) • (1 ® 1 ® A)$ _1 

= x^ ® ® r„zw ® z^ 2 ' 

and substituting into l|5.23|l (ii) gives the alternative expansion 

7 = SiXvY^aYvZW ® S(* M )aZ„Z( 2 > (5.28) 

which is equivalent to the expression above |13|. 

Using (|5.23|) fi) for the opposite structure we have for the Drinfeld twist 

F° = ® S-')A(X° V ) ■ 7 ° • A T (Y V °P T S-\Z° V )) 

where we have used the fact that the co-product for the opposite structure is A T , the antipode is 
S 1-1 , with canonical elements a T = S^ 1 (a), (3 T = and where we have set 

X° ® Y° ® Zl = $ T = ^ , 

which is the opposite co-associator, and where from l |5.23| l(ii) 

^ = S-\B°)a T C?®S~\A°)a T D° 

with 

Al ® B? ® C? ® -D? = [(* T ) _1 ®l]-(A T ®l(g)l)$ T 

= ($321 ® 1) ' (A T ® 1 ® l)^- 

In obvious notation the latter is given by 

($321 ® 1) • (A T ® 1 ® 1)$^ = z,z< 2 ) ® r^w ® x w y„ ® 

so that, using a T = S^ 1 (a) , 

7° = S-^Z^S-^X^^S-^Z^S-^a)^ 
(5- 1 ®5- 1 )( 7 ). 



9 



Thus we may write, using (3 T = S 1 (/3) , 

F$ = (S- 1 ® S~ 1 )A(X°) ■ (S- 1 ® S^h ■ A T (Y u °S- 1 (0)S- 1 (Z° u )) 
so that, substituting 

Xl <g> Y° ® Z° = $ T = ^ =Z V ®Y V ®X V , 

gives 

i$ = (5- 1 ®^ 1 )A(Z„)-(5- 1 ®^- 1 )7-A T (y i ,5- 1 (/3)5- 1 (X l/ )) 
® • [(5 ® S)A T (Y v S-\X v 0)) ■ 7 • A(Z„)] 
(S- 1 ® ■ [A'^S^)) • 7 ■ A(Z„)] 

raw (s -i 8r i )f ra^ 
Thus we have proved 

Proposition 4. TTie Drinfeld twist for the opposite QHA structure of propositiony\is given explicitly 
by 

F 5 ° = (S- 1 ®S- 1 )F S = FT. 

To see how Fj fits into the picture we need to consider the second Drinfeld twist Fq of Theorem[3] 
associated with the co-product of equation 1)5.221 '). We have immediately from proposition 0] 

Corollary. The second Drinfeld twist for the opposite structure is Fj. 

Proof. Since the antipode for the opposite structure is S , Theorem [3] implies that the second 
Drinfeld twist for this structure is (S ® S)(Fg) T where F® is the Drinfeld twist for the opposite 
structure, given explicitly in proposition^] It follows that the second Drinfeld twist for the opposite 
structure is 

{S ® S) ■ [(S- 1 ® S-^Ff] = Fj. 

□ 

5.4 Twisting the Drinfeld twist 

It is first useful to determine the behaviour of 7 in equation l|5.24[l (ii) under an arbitrary twist 
G € H ® H . Under the twisted structure induced by G the operator 7 is twisted to 7c given by 
equation H5.24p fii.irf) for the twisted structure, so that 

(i) 7G = Afp G S{Df) ® B?p G S{C?) 
where (ii) Af ® B? ® Cf ® Df = (A G ® 1 ® 1)$^ • ($ G ® 1). (5.29) 

We have 

Proposition 5. Let G = gi®g l EH®H be a twist on a QHA H. Then 

7g - G-A(g i )-j-(S®S)(G T A T (g i )). 
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Proof. Throughout we write 

G" 1 = g,®g\ 
For the RHS of equation l|5.29[) fii) we have 

(A G ® 1 ® l)^ 1 ' ( $ g <8> 1) = (A G ® 1 ® 1)- 

[(1 ® G) • (1 ® A)G • fc" 1 • (A (g) ljG" 1 • (G^ 1 ® 1)]- 

{[(G ® 1) • (A <g> 1)G • $ • (1 ® A)G" 1 • (1 ® G- 1 )} ® 1} 
where we have used equation (|4.16|) for $ G and its inverse, thus 
(A G ®1® 1)$^ • ($ G (g> 1) = 

(1 ® 1 <g> G) • (A G 8> A)G ■ (A G ® 1 ® l)*" 1 ■ [(A G ® 1)A ® 

• [(A G ® 1)G _1 g> 1] • (G ® 1 ® 1) • [(A ® 1)G ® 1] • ($ ® 1) 

• [(1 ® A^- 1 ® 1] • (1 ® G" 1 ® 1) 

= (G ® G) ■ (A ® A)G • (A ® 1 ® I)*" 1 • [(A ® 1)A ® 1JG" 1 
■ [(A ® ^G" 1 ® 1] ■ [(A ® 1)G ® 1] • (* ® 1) 

• [(1 ® A^- 1 ® 1] • (1 ® G" 1 ® 1) 

= (G ® G) • (A ® A)G ■ (A ® 1 ® I)*" 1 • [(A ® 1)A ® lJG" 1 - 

• ($ ® 1) • [(1 ® A)G _1 ® 1] • (1 ® G" 1 ® 1) 

^ (G ® G) • (A ® A)G • {(A ® 1 ® I)*" 1 • ® 1)} 

• [(1 ® A)A ® 1JG" 1 • [(1 ® A)G" 1 ® 1] • (1 ® G- 1 ® 1). 
Now using the notation of equation H5.24|) fiii) we have 

(A ® 1 ® 1)$ _1 • ($ ® 1) = Ai ® Bi ® Gi ® Di 
so that in the notation of equation 15.2911 (i) 

Af ® Bf ® Gf ® Dp = (A G ® 1 ® 1)$^ • ($ G ® 1) 
= (G ® G) • (A ® A)G ■ {Ai ® ^ ® Ci ® A} 

• [(1 ® A)A ® ljcr 1 • [(1 ® A)G _1 ® 1] • (1 ® G' 1 ® 1) 

= gag^Aigjpgk ® g s gf ] Bigf^g^gm ® gtg\ 1) C l gf^ ) t(2)~g m ® g'g^Dig 1 

where we have used the obvious notation, so that 

Afe) = 5l (1) ®fff\ 
(1 ® A)A(ffO = 5l (1) ® A( 5 f } ) = ^ ® 4g } ® gigj, etc 

and all repeated indices are understood to be summed over. 
Substituting into equation Ij5.29|l fi^ gives 

7 G = g.g? ) A i gWg k l3 G S( S t gi 2) D i g t ) 

®fl s pf ) Agg ) gf 1) g m /3 G S( 5t 4 ) G i 4 2 2 3 ) gf 2) 5 m ) 

= g^Ag^g^GSig'g^D.g 1 ) 
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Now using 

5 m /? G 5(5 m ) = (Pa) a -i = /J G -i G - /3 (5.30) 
and making repeated use of equation 1)2. 7|l gives 

1G = gsg^Ag^g^cSigtgl^g 1 ) 

gJpAiPSiDdStftfa) ® gSg^BipSiCJSigtgi^) 

{g s gf ] ® s s sf } ) • 7 • (5 ® 5)07%) ® fftsfij) 
G.A( 5 ,)- 7 .(5®5)(G T -A T (^)) 

which proves the result. □ 

We are now in a position to determine the action of an arbitrary twist G £ i? ® i? on the inverse 
Drinfeld twist Fr , given in equation l|5.24[) . Under the twisted structure induced by G, F7 is 
twisted to (-Fp) -1 = (FjT ) G , given as in equation 1)5.24(1 . but in terms of the twisted structure, so 
that, with the notation of equation 1)5.29(1 . we have from 1)5.24(1 fi) 

(if)" 1 = A G (S(xC) aG Yf)-j G -(S®S)Al(zC) 

with ja as in proposition [SJ 

In obvious notation we may write 

X° ® ® Zp = $ G = (G®l)-(A®l)G-$-(l®A)G- 1 -(l®G- 1 ) 
= g l g ( f ) X v g k ® g l gfY v g\i)9i ® 9 3 Z v g k (2) g l 

which implies 

(if)" 1 = AGlSigigfx^aag'gfY^gt] • j G ■ (S ® ^Ag^Xs^) 
= A G [S(* tf flO%jV(ft)<Wsj 2 ^sfos,] ■ 7G 
•(5®S)Ag(^Xs ( V)- 



Using 



S(gi)a G g* = (a G ) G -i = a G -i G = a, 
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and equation (|2.7|l . then gives 

(if)" 1 = AciSiXvgJaY^gt] ■ 7G • (S ® SJA^Z,,^ 1 ) 
G • A[5(X t/ .9 fc ) a y^f 1) 5 ; ] • G" 1 • 7G 
•(5 (8) S')(G T ) _1 • (S ® 5)A T (Z,^ 2) .9 Z ) • (5 ® 5)G T 

•(5 (8) S)A T ( 5 l ) • (S ® 5)A T (Z,.g| c 2) g i ) • (5 ® S)G T 

G • A[5(^5 fc )ar^( fe i)] • A(a)A(ft) • 7 

■(5 ® S)A T (g i ) ■ (S ® S)A T (s') • (5 ® 5)A T (Z^f 2) ) 

■(5 ® S')G T 

G • A[S(X v g k )aY u g k (1) ] • Afe) • 7 

■(S ® S)A T (g l g i ) • (5 ® S)A T (Z v sf 2) ) • (5 ® S)G T 

G-AlSiX^aY^-Aig^)^ 

■(S ® S)A T (^ 2) ) • (S ® S')A T (Z iy ) • (S ® 5)G T 

where we have used the obvious result that 

gm®g l g i = G- x G=l®l. 

It then follows from proposition that 

(if)" 1 = G- A[S{X v )aY v ] .7. (S®S)A T (Z„) • (S®S)G T 

E P W G-Ff l .(S®S)CP. 

We have thus proved 



Theorem 4. Let G E H & H be a twist on a QHA H . Then under the twisted structure induced by 
G, F7 is twisted to 

(Ffy 1 ee (Ff^a = G ■ F,- 1 ■ (S ® S)G T . 
Equivalcntly, the Drinfeld twist is twisted to 

if = (F 5 ) G = {S ® S)(G T )" 1 • F 4 • G" 1 . 
Corollary, i*o as * n equation \5.27]) is twisted to 

if ee (F ) G = ® S~ 1 )(G T )~ 1 ■ F ■ G-\ 

Proof. Follows from the definition of Fo = (S^ 1 ® S~ 1 )F^f and the Theorem above. □ 

When H is quasi-triangular the opposite structure of proposition ^ is obtainable, up to equiv- 
alence modulo (S,a,j3), via twisting. In such a case the results of Section [3] have further useful 
consequences. 
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6 Quasi-triangular QHAs 

A QHA H is called quasi-triangular if there exists an invertible element 

TZ = ej <8 e i e H ® H 

i 

called the i?-matrix, such that 

(«) A T (a)72 = 72A(a), Va e i? 

(tt) (A ® 1)72 = * 2 3 1 1 ^i3*132^23*r23 

(fit) (1 <8 A)TZ = $312^13*213^12*123, (6.31) 

where 

72-12 = e, 8 e 1 (8> 1, 72-13 = e, <E> 1 <8 e 1 , etcetera. 

We first summarise some well known results for quasi-triangular QHAs. It was shown in |13| 
that 

Proposition ^ ' Under the opposite QHA structure of proposition Q H is also quasi-triangular 
with R-matrix TZ T — T ■ TZ, called the opposite R-matrix. 

It follows from (ffj.^lfl (ii,iii) that 

(e(8l)72,= (l<8e)72 = 1 

so that TZ qualifies as a twist. Moreover if F £ H ® H is any twist then, as shown in J^jj H is also 
quasi-triangular under the twisted structure of equations (|4.16l 14. 1 Tfl with i?-matrix 

TZ F = F T 1ZF~ 1 . (6.32) 

It was shown in |13j that 

Proposition 6. Under the QHA of proposition^ H is also quasi-triangular with R-matrix 

TZ' = (S (8 S)TZ. 

We have seen that the QHA structure of proposition's obtainable by twisting with the Drinfeld 
twist Fs- It was further shown in |13| that the full structure of proposition is also obtained by 
twisting with F$ which, in view of equation Ij6.32|l . is equivalent to 

(S (8 S)TZ = FjTZFg 1 . (6.33) 

This result in fact follows from the following relation 

(S ® S)TZ • 7 = 7 T 72, 

where 7 T = T ■ 7, proved in |13j . In view of proposition |31 this last equation is equivalent to 

TZj = 7 T ■ (S 8 S)TZ 

where 7 T = T ■ 7, with 7 and 7 as in equations Q5. 231 l^2*4")l . 

In view of lj6.31[l (i) the opposite co-product is obtained from A by twisting with TZ. In fact we 
have the following result proved in |13| : 
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Proposition 7. The opposite structure of propositions QJ QJ is obtainable by twisting with the R- 
matrix 1Z but with antipode 5 and canonical elements a-n-, f3n respectively. 

Above an, fin are given by equation 14.17fl . so that 

(i) a n =m- (1(g) a) (5(E) IjTZ' 1 , = m • (1 ® <8> S)K. 

Below we set 

(ii) 1Z = e l ®e\ 1Z' 1 = ® e* 
in terms of which we may write 

{Hi) a n = S(e i )ae i , fi n = etfS^ 1 ). (6.34) 

Thus with the co-product A T and co-associator $ T = °f proposition ^ we have two QHA 
structures with differing quasi-antipodes (5, an, fin) and (S -1 ,a T , fi T ) where, from proposition^ 
a T = 5 _1 (a), /5 T = 5~ 1 (/3). It follows from Theorem □ that 

Theorem 5. There exists a unique invertible u £ H such that 

5(a) = uS (a)u , or 5 2 (a) = uau~ l , Va G i? 

and 

ti5 _1 (a) = a TC , /3 K u = 5" 1 (/3). (6.35) 

Explicitly, 

u = S{Y v f3S{Z„))a n X v = SiZ^anYvS" 1 ^- 1 ^) 
u- 1 = Z v [3 n S{S{X v )aY v )=S~ 1 {Z l/ )S~ l {a)Y v (3nS{X v ). (6.36) 

Above we have used the fact that the opposite QHA structure has co-associator <3? T = an d 
quasi-antipode (S~ 1 ,a T , fi T ). We have then applied Theorem ^with (5, a, (3) = (5, an, fin) to 
give the result. 

The above gives the u-operator of Drinfeld-Reshetikhin |SJ . It differs from, but is related 
to, the M-operator of Altschuler and Coste [Q. To see how the latter arises, it is easily seen that 
1Z = (TZ T )~ 1 also satisfies equation (|6.31|l and thus constitutes an i?-matrix. Thus proposition [7| 
and Theorem |31 also hold with 1Z replaced by TZ. This implies the existence of a unique invertible 
u G H such that 

5 2 (a) = uavT , Va G H 

and 

uS^ 1 (a) = a n , fi n u = 5~ 1 (/3) 
with a^, fi^ as in equation (|6.34|l but with 1Z replaced by TZ. Explicitly we have, in this case, 

u = S(Y v /3S(Z v ))a^X„ = 5(Z 1/ )a 7i F,5- 1 (/3)5- 1 (A 1/ ) 
u- 1 = Z u fi n S{S{X v )aY u ) = S- 1 {Z v )S- 1 {a)Y v fi n S{X v ). (6.37) 

Then, as can be seen from J2| u is precisely the it-operator of Altschuler and Coste. 

To see the relation between u and u we first note that uS(u) — S(u)u is central. This follows by 
applying 5 to 5(a) = uS (a)u , giving 

5 2 (a) = 5(u~ 1 )a5(w), Va G H. 

Before proceeding it is worth noting the following 
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Lemma 1. 



(i) = S{u)S(f3), = Si^Siu- 1 ) 

(ii) fc = S(u)S(/3), an^Si^Siu- 1 ). (6.38) 



Proof. By symmetry it suffices to prove (i). Now 

/Sfc = m-(l®/3)(l®5)(^ T )- 1 =e l /3S(e,) 

^i 3 e l 5(/3 KM )5( e - ( ) = e i S(u)S(j3 1 i)S(e i ) 
e i S(u)S[e j (3S{e j )]S(e i ) 
= ?S(u)&(e , )S(p)S(e j )S(e i ) 
= 5( U )^ 2 (e l )5 2 (e-'')5(/3)5(e,)5(e l ) 

S(u)S 2 (e l e J )S(/3)S(e l e j ) = S(u)S(f3) 

where we have used the obvious result 

EiCj ® eV = ft -1 ^ = 1®1. 

Similarly 
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to • (1 ® a) (5 <g> l)i? T = S^aei 

S{e l )S(u~ 1 aT{)ei = S(e t )S(an)S(u^ 1 )e i 
S'(e l )5[S*(e 3 >e J ]S*(u~ 1 )e. i 
S'(e l )5(e i )5(a)S* 2 (e 3 )S*(u- 1 )e l 
S'(e l )5(e J )5(a)S' 2 (e 3 )S' 2 (e. i )5(w- 1 ) 
5(e i e i )5(a)S* 2 (e i e l )5'(u- 1 ) = S^S^ 1 



We are now in a position to prove 
Lemma 2. 

Proof. From equation l|6.37[) we have 



u = S(u~ l ) 



u = S(Y u pS(Z v ))a^X u 

E33w 



EH 



s , (y I/( as , (^))5(a)S(u- 1 )x J/ 

S'(y i/ /3S'(^))5(a)5' 2 (X !/ ) 1 S(u- 1 ; 
S[5(X I/ )ay i ,/35(Z J/ )]5(u- 1 ) 

SCO- 



□ 



□ 



The above result clearly shows the connection between the u-operator of Theorem and that 
due to Altschuler and Coste. Obviously the existence of the it-operator in the quasi-triangular 
case is a direct consequence of Theorem ^ and proposition the latter showing the equivalence 
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of the opposite structure of proposition ^ with that due to twisting with 1Z. In the case H is not 
quasi-triangular, this opposite structure is not in general obtainable by a twist. 

The operators u and u are special cases of the v operator of Theorem ^ it follows then from 
Theorem that 

Theorem 6. The operators u and it are invariant under twisting. 

In section [3] we discussed the uniqueness of the quasi-antipode (S, a,/3), but nothing has been 
said about the uniqueness of the twisted structures or the i?-matrix in the quasi-triangular case. 
This is intimately connected with the quasi-cocycle condition to which we now turn. 



7 The quasi-cocycle condition 

The set of twists on a QHA H forms a group, moreover, the twisted structure of equations Ij4.16l 
I4.17|) induced on a QHA H preserves this group structure in the following sense. 

Lemma 3. Let F,G £ H ® H be twists on a QHA H . Then in the notation of equations \4-16] 

EZ3> 

00 A FG = (A G ) F , $ FG = ($ G ) F 
(ii) a FG = (ocg)f, Pfg = (Pg)f- 

Moreover, if H is quasi-triangular then 

(Hi) 1Z FG = [n G ) F . (7.39) 

In other words the structure obtained from twisting with G and then with F is the same as 
twisting with the twist FG. It is important that the right hand side of equation H7.39(l is interpreted 
correctly, e.g. (<& G ) F is given as in equation l|4.16[) but with $ replaced by $ G and A by A G etc. 

Given any QBA H we may impose on a twist F € H ® H the following condition 

[F ® 1) • (A ® 1)F ■ $ = $ • (1 <g> F) ■ (1 <g> A)F (7.40) 

which we call the quasi-cocycle condition. 

When $ = 1 <g> 1 (g) 1 this reduces to the usual cocycle condition on Hopf algebras. In the notation 
of equation (|4.16|l . the quasi-cocycle condition is equivalent to 

$ F = $. G301) 

Thus twisting on a QBA by a twist F satisfying the quasi-cocycle condition results in a QBA 
structure with the same co-associator. 

It is thus not surprising that the quasi-cocycle condition (|7.40() is intimately related to the 
uniqueness of twisted structures on a QHA H . Indeed, if F, G G H ® H are twists giving rise to the 
same QBA structure, so that 

A F = A G , $ F = $ G (7.41) 

then C = F~ 1 G must commute with the co-product A and satisfy the quasi-cocycle condition. 
Indeed in view of lemma we have 

A G = A F -i G = (A G ) F -i {Ap) p - l = Ap-ip = A 

$ c = $ F -i G = ($ G ) F -i ($f) f -i = $ F -i F = 

This leads to the following 
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Definition 3. A twist C G H <E> H on any QBA H is called compatible if 

(i) C commutes with the co-product A 

(ii) C satisfies the quasi-cocycle condition . 

In other words twisting a QBA H with a compatible twist C gives exactly the same QBA 
structure. The set of compatible twists on H thus forms a subgroup of the group of twists on H. 

Proposition 8. Let F,G G H (g> H be twists on a QBA H . Then the twisted structures induced by 
F and G coincide if and only if there exists a compatible twist C G H <S> H such that G = FC. 

Proof. We have already seen that if F, G give rise to the same QBA structure then C — F~ 1 G is a 
compatible twist and G — FC. Conversely, suppose C is a compatible twist and set G — FC. Then 

A G = A FC = (A C ) F = A F 

$G = $FC = {®C) F = ®F 

so that G gives precisely the same twisted structure as F. □ 

Setting G = 1 (8) 1 into the above gives 

Corollary. Let F G H ® H be a twist on a QBA H . Then the twisted structure induced by F 
coincides with the structure on H if and only if F is a compatible twist. 

In view of the group properties of twists the above corollary is equivalent to proposition |SJ 
Let H be a quasi-triangular QHA with i?-matrix 1Z satisfying equation l|6.31|l . From proposi- 
tion the opposite co-associator <£> T = and co-product A T are obtained by twisting with TZ, 
so that <& T = $K. The proof of this result utilises only the properties l|6.3H . Hence, since 

* = V'K = = ($ T )rc-i 

it follows that if Q is another i?-matrix for H i.e. satisfies equation i|ti.31[l . then we must have also 

($ T ) Q _ 1= $. 

Then Q~ 1 1Z must qualify as a compatible twist. Indeed it obviously commutes with A, while as to 
the quasi-cocycle condition, we have 

$q-itc = ($k)q-i = ($ T )q-i = 

Note that (Q T )~ 1 , (7Z T )~ 1 also determine i?-matrices so the following must all determine compatible 
twists: Q~ 1 1Z, Q T TZ, 1Z~ 1 Q, 1Z T Q. In particular 1Z T 1Z must determine a compatible twist, as may 
be verified directly. 

With the notation of section 0] it is easily seen that the operator 

A = Aiu^F^iu (8) u)F = F^(u ® u^oA^ 1 ) (7.42) 

commutes with A. This operator appears in the work of Altschuler and Coste in connection 
with ribbon QHAs. The operator A satisfies the quasi-cocycle condition and thus determines a 
compatible twist. 

For general QBAs H, to see that there are sufficiently many compatible twists, we have 
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Lemma 4. Let z G H be an invertible central element. Then 

C= (z ® z)A(z- 1 ) 

is a compatible twist. 

Proof. Obviously C commutes with the co-product A so it remains to prove that it satisfies the 
quasi-cocycle condition. To this end note that 

(C®1)(A® 1)C = (z®z«>l)(A(z- 1 )®l)(A(z)®z)(A«)l)A(z- 1 ) 

= {z® z®z){A® l)A(z- 1 ) (7.43) 



and similarly 



thus 



(1®C)(1®A)C = (l<g>z®z)(l<Z)A(z- 1 ))(z® A(z))(l® A)A{z- 1 ) 

= {z®z®z){\® A)A{z~ 1 ) (7.44) 



(C®1)(A®1)C$ («®«®z)(A® l)A(z- 1 )$ 



(z <g> 2 (g) z)$(l ® A)A(z _1 ) 

(z ® z ® z)$(z _1 ® z -1 (gi z -1 ) 
(1®C)(1®A)<7 
$(1®C)(1® A)C. 



□ 



With C as in the lemma, we see that 

(e ® 1)C = (1 ® e)C = e(z). 

Thus, strictly speaking, e(z _1 )C qualifies as a compatible twist. 

Following Altschuler and Coste , a quasi-triangular QHA is called a ribbon QHA if the operator 
A of equation (|7.42|l is given by 

A = (v ® w)A(w _1 ) 

for a certain invertible central element w, related to the u-operator u. This is consistent with the 
lemma above and the fact that A determines a compatible twist. 

In the case of ribbon Hopf algebras, we have TZ T TZ = (v®v)A(v~ 1 ), so that the compatible twist 
1Z T 1Z is also of the form of lemma0] This may not be the case for quasi-triangular QHAs in general. 

It is worth noting that if H is a QHA and C € H ® H a compatible twist then H is also a 
QHA under the twisted structure induced by C with exactly the same co-product A, co-unit e, 
co-associator $, antipode 5*, but with canonical elements given by equation H4.17JI : viz 

a c = m ■ (S ® 1)(1 ® a)C-\ p c = m ■ (1 ® 5)(1 ® /?)C. 

In view of Theorem ^ an d it corollary, we have immediately 
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Proposition 9. Suppose C £ H®H is a compatible twist on a QUA H. Then there exists a unique 
invertible central element z £ H such that 

za = etc, Pc z = P- 

Explicitly 

z = S{X v )a c Y v pS{Z v ) = X v /3S(Y v )a c Z v 
z- 1 = S{X v )aY v p c S{Z v ) = X v /3 c S(Y v )aZ u . 

In the case H is quasi-triangular we have seen that C — 1Z T 1Z is a compatible twist. Since the 
latter form a group we have the infinite family of compatible twists C = (lZ T lZ) m , to G Z, in which 
case the central elements z^ 1 of proposition El give the quadratic invariants of |12| . 

We conclude this section by noting, in the quasi-triangular case, that twisting the Drinfeld twist 
with the R- matrix 1Z gives, from Theorem the twisted Drinfeld twist 

F? = (F S ) K = (S ® S)^)- 1 ■ F S ■ II- 1 . 

On the other hand, since (7^ T ) _1 is an i?-matrix we have, from eq. JEHU), 

(s»s){n T )- l = Ff(n T r 1 Ff 1 

which implies 

Ff = fJ{k t )- x ■ n~ x = Fjinn 7 )- 1 

where 1Z1Z T and its inverse are compatible twists under the opposite structure. This shows that Fj 
will give rise to a Drinfeld twist under the opposite structure of proposition induced by twisting 
with 1Z (which has antipode S rather than Applying T to the equation above gives 

{F*) T = F 5 {n T K)- 1 

which shows that, since 1Z T 1Z and its inverse are compatible twists, {Fj i ) T also gives rise to a 
Drinfeld twist on H . 

8 Quasi-dynamical QYBE 

Throughout we assume H is a quasi-triangular QHA with i?-matrix 1Z satisfying l|tj.31fl which we 
reproduce here: 

(i) A T (a)H = 1lA(a), Va £ H 

(8) (A ® 1)11 = $23 1 1 7ei3$132^23$r23 
(Hi) (1 ® A)K = $312^13^13^12*123. (OH) 

Applying T 1 to (ii) and 1 <g> T to (iii) then gives 

(it') (A T ® 1)K = ^TZas^auWia*^ 

{Hi') (1 ® A T )7e = $321^-12$231^13$132- 

It follows that 

fti 2 (A ® l)7e = (A T <g> l)7e ■ K 12 
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from which we deduce that 1Z must satisfy the quasi-QYBE: 

^12$23 1 1^13^132^23$r 2 3 = $3~21^23 $312^13 $213^12- (8-45) 

If we twist H with a twist F S H (g> H then H is also a quasi-triangular QHA under the twisted 
structure (|4.16I4.17|I induced by F with universal i?-matrix 

K F = F T UF- 1 . 

Following equation l|7.40[l we say a twist F(X) G H®H satisfies the shifted quasi-cocycle condition 

if 

[F(X) ® 1] ■ (A ® l)F(A) • $ = <f> • [1 ® F(X + /i (1) )] • (1 <g> A)F(A) (8.46) 

where A G H depends on one (or possibly several) parameters and h G H is fixed. Alternatively, we 
may write in obvious notation 

Fi 2 (A) • (A ® l)F(A) • $ = $ • F 23 (A + /i (1) ) • (1 <g> A)F(A). (JH3SI) 

When /i = 0, this reduces to the quasi-cocycle condition (|7.40|) satisfied by F = F(X). When 
$ = 1 ® 1 <g> 1 (i.e. the normal Hopf-algebra case) equation lj8.46|) reduces to the usual shifted cocycle 
condition. 

Twisting H with a twist F satisfying the (unshifted) quasi-cocycle condition results in a QHA 
with the same co-associator $, co-unit e and antipode S but with the twisted co-product Ap, R- 
matrix TZf (and canonical elements cvfjPf)- We now consider twisting H with a twist F = F(X) 
satisfying the shifted condition Ij8.46|l . Then under this twisted structure H is also a quasi-triangular 
QHA with the same co-unit e and antipode S but with the co-associator <&(A) = $ F(A) i an d co- 
product and i?-matrix given by 

A x (a) = F(X)A(a)F(X)-\ Va G H, TZ(X) = F T {X)KF(X)- 1 (8.47) 

with canonical elements ot\ = apr\),0\ — Pf(\)- 

In view of equation l|8. 461 *1 we have for the co-associator 

$(A) = F 12 (A)-(A®l)F(A)-$-(l®A)F(A)- 1 -F 23 (A)- 1 

= $ • F 23 (A + /i (1) ) • (1 ® A)F(X) • (1 <g> A)F(A)- 1 • ^(A)" 1 

= $ ■ F 23 (X + h^) ■ F 23 {X)- 1 (8.48) 

which implies 

^(A)- 1 = F 23 (A) • F 23 (A + h^y 1 ■ Q- 1 . 

In the Hopf-algebra case equation (|8.48|) reduces to the expression for $(A) obtained in ^2] ($ = 
1 ® 1® 1). 

Under the above twisted structure equation (|6.31|) fii) becomes 

(A A ® l)ft(A) = $231 (A)" 1 • fti 3 (A) • $i 32 (A) • K 23 (X) • $^(A). 

Now 

*i3a(A) = (1®T)$ 123 (A) 

^ $132 • F 2 T 3 (A + fcW) • FS(A)- 1 (8.49) 
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which implies 

(A A ®l)ft(A) = $23i(A)~ 1 -^i 3 (A)-$ 1 32-F 2 T 3 (A + / l W) 
•^ T 3 (A)- 1 -^ 23 (A).$r 2 1 3 (A) 

^ $2 3 i(A)~ 1 • K 13 (X) ■ $i 32 • F 2 T 3 (A + fcW) 

•^(A)" 1 • ^ 23 (A) • F 23 (A) • F 23 (A + Z^)" 1 • 

= $ 23 l(A)- 1 • ftl 3 (A) • $i 32 • ft 23 (A + h^) • $^3. 

Similarly equation 16.31(1 (iii) becomes 

(1 ® A X )U(X) = $ 312 (A) ■ K 13 (X) • $213 (A) • ^ia(A) • $m(A). 



Now 



while 



*au(A) = (T®l)(l®T)* m (A) 

•SP (T ® l)[$ i32 • Ff 3 (A + • ^(A)- 1 ] 
= $3i2-i f, i r 3 (A + /i^)-F 1 r 3 (A)- 1 



$ 21 1 3 (A) = (T®1)$(A)- 1 

™ (T <8> 1)[F 23 (A) • F 23 (A + h^y 1 • $" x ] 
= F 13 (A)-^ 13 (A + ^)- 1 -$ 2 - 1 1 3 . 



Therefore 



(1 ® A A )7e(A) = $ 3i2 • f£(A + /^ 2 >) • ^(A)- 1 • ft 13 (A) 

• F X3 (A) • F 13 (A + ft^)- 1 • $213 • ^i2(A) • $12 3 (A) 

™ $312 • i?i 3 (A + /i (2) ) • $^3 • i?l 2 (A) • $i 23 (A). 

We thus arrive at 

Lemma 5. 72(A) satisfies the co-product properties 

(i) (A A ® l)ft(A) = $231 (A) • ft 13 (A) • $i 32 • 72 23 (A + h™) • $^3 

(ii) (1 ® A A )72.(A) = $ 3 i2 • R 13 (X + h^) • $2/3 • i?i 2 (A) • $ 123 (A) 

(iii) (Al <g> l)ft(A) = $ 32 1 i(A) • 72.23(A) • $ 3 i 2 • 72i 3 (A + h^) ■ $^3 

(iv) (1 <8> Al)TZ(X) = $321 • Ru{X + h^) • $" 1 1 ■ J? 13 (A) • $i 32 (A). 



(8.50) 



Proof. We have already proved (i) and (ii) while (iii) follows by applying (T ® 1) to (i) and (iv) by 
applying (1 ® T) to (ii). □ 
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We are now in a position to determine the QQYBE (|8.45() satisfied by 72 — 72.(A) for this twisted 
structure. We have 

72 23 (A) • $312 • K 13 (\ + h^) • $^3 • R 12 (X) 
72 23 (A) • (1 ® A A )72(A) • $r 2 3(A) 
™ W (1®AJ)«(A). TZmCA). 

™ M $321 • RMX + h^) ■ • R 13 (X) • $ 132 (A) • 72 23 (A) • $r 2 3(A) 
where for the last three terms we have 

$132 (A) • 72.23(A) ■ $123 M E3 ^ 3n) $132^ 2 T 3(A + / l W).Fj 3 (A)- 1 



•RsaW • F 23 (X) ■ F 23 (X + h^y 1 ■ $123 

$132 '^(A + $^3- 



Hence 



72 23 (A) • $ 3 12 • K 13 (X + h^) • $213 • R12W 
= $ 32 i • H 12 (X + fc< 3 >) • $2 3 \ ■ K 13 {\) • $ 132 • 72 23 (A + h?>) • $r 2 3- 

We thus arrive at 

Proposition 10. 72(A) satisfies the quasi- dynamical QYBE 

K 12 (X + h&) • ^ • ft 13 (A) • $ 132 • 72 23 (A + &«) • $^3 

= $32 1 l-^23(A)-$312-^i 3 (A + ^)-$ 2 - 1 1 3 -^12(A). (8.51) 

In the Hopf algebra case ($ = 1 (g> 1 ® 1) equation l|8.51|l reduces to the usual dynamical QYBE. 
If we set h — then equation (|8.51(l reduces to the quasi-QYBE l|8.45|) satisfied by 72 = 72(A). Hence 
the term quasi-dynamical QYBE for Ij8.51|l : we could, alternatively, refer to Ij8.51|l as the dynamical 
quasi-QYBE (dynamical QQYBE), since it is obviously the quasi- Hopf algebra analogue of the usual 
dynamical QYBE. 

With respect to the QHA structure of propositions [21 EI we have the R- matrices 

72'(A) = (S ® S)TZ(X), TZq(X) = (S*" 1 ® fiT 1 )^) 

respectively. Then applying (S" 1 ® 5 -1 ® 5 _1 ) respectively to equation (|8.51(l it follows 

that both of these i?-matrices satisfy the opposite quasi-dynamical QYBE 

72.12(A) • $2^ • 72 13 (A + h^) • $ 132 • 72 23 (A) • $r 2 3 
= $321 ' ^2 3 (A + h^) • $312 • 72 13 (A) • $2/3 • TZ 12 (X + h^) 

where $ is the co-associator of propositions EEI an( i 72(A) denotes 72' (A), 72-o(A) respectively. More- 
over applying (T (g) 1)((1 <8> T)(T ® 1) to equation l|8.51|l it is easily seen that 72 T (A) also satisfies 
the above opposite quasi-dynamical QYBE but with respect to the opposite co-associator $ T of 
proposition n] 

We anticipate that the quasi-dynamical QYBE will play an important role in obtaining elliptic 
solutions to the QQYBE from trigonometric ones via twisted QUEs. Of particular interest is the 
quasi-dynamical QYBE for elliptic quantum groups. 
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